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Marks :.75
Time : 3 hours
in the margin indicate full marks
for the questions

mber Theory and Advanced
rate books

The figures

Answer Elementary Nu
A_lgebra in two sepa

Answer five questions, choosing one from each Unit

UNIT—1

( Elementary Number Theory )
1. (@) State whether the following statements
or False with brief justification

are True .
(a, bon denote integers) (any five)
o 2x5=10

@) 4|(n?+2) for some integer 1.

and c|a then (b,c);l.

@ 1 (@b=1
T ( Turn Over)
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(b)

2 (@

®

(c)

3. (a)

(b)
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(2)
(lll) Ifb'a2+1, then b|a4 +1
(V) The o .
a7 nly prime of the_ form n3 -1
v
() If(n’7)=1 then 7|n6 _1
(Vi) p2 o
- :0;;+41 is prime for every
e Integer p,
Prove that he...
there j .
Primes, €re 18 an infinite number of
_ State and
Prove Fermat’s Little theorem.
¢ ) . 1+5=6
What jg
repl'esent:h'e fast digit in the decimal
e tion of 3100, - 4
Ve that 5
. a’ =
Integer . a(mod10) for every
the:;e and prOVe Chi
rem. hinese Remainder
R ainde? | _g
Olve the foll 1 ]

Con, o
g.uences: ng System of linea—f 5

*=2(moqy
x 53(1'110(15) .
x sz(mod'?)

(c)

(b)

(©
@
(e)

(b)

(c)
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(3)

Prove that ¢(5n) =5¢(n) if and only if 5
divides n. 5
Find the highest power of 2 which
divides 533!. o
Evaluate : 2
- YmiY
j=1
Evaluate é(n) and t(n) for n=3000. 2+2=4
Evaluate ¢(3125). ' 2
For any real numbers x and y, prove
that [x +y]'$[x]+[y]+l. . 5
UnNiT—1II
( Advanced Algebra)

Prove that the intersection of any two
normal subgroups of a group G is a
normal subgroup of G. 5
Iffisa homomorphism of group G into
a group G’ with kernel K, then prove
that K is a normal subgroup of G. 5
Prove that any finite integral domain is ;
a field.

( Turn Over )




(4)

6. () ¥ R is the additive group of real
:.:‘,‘_numbers and R* is the multiplicative
- g;‘loup of positive real numbers, then
show that the mapping f: R* — R such

that fld=logx ; xeR* is an

1Somorphism, - 5
D) fRisa ; |

aERls a ring such that a2 = a, for all
. » Prove that'a+a=o, for'anaeR_
(C) The S B
of reaitnM of 2 x2. matrices over the field
matrix l:crll:-e 'S 1s a ring with respect 0
) tion and multiplicatio™

Does thi
S 1
Justify ring possess zero divisors’
your answer, - 2

@

(e) Defip :
€ max;
In the rin Al ideal of g ring R. I8 {0}
- ideal? gy, 8 of integers 7, 5 maxim® 3
Stify your answer, n+1”

Ove
0 an that 3 fieyq h . 1 oalS
v and jtgge - - @S only two ide 3

®) Dege .
Mine 4
. 8D/253 ¢ all the ideqls in Z. )
‘ ( Conﬁﬂ“e_

(c)

(@)

8. (@

(b)
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(5)

Define units. Determine the number of
units in the ring of integers. 2+2=4

Consider the ring Z. In this ring

.- 5Z ={5k:keZ} is an ideal of Z. How

many distinct cosets are there in the
quotient ring 7 /5Z? s this quotient
ring a field? Justify your answer. 2+3=5

Let R be an integral domain and @

be R. When do we sa&y the following?

(i) aand b ar€ associates in R .

(ii) ais an irreducible element in R

(iii) ais a prime element in R 2x3=6

lynomial x2+x+4

(i) Show that the po
) is irreducible over F, the field of
integers modulo 11. 3
(i) Prove that 3 is not a prime element
4

_in ZW-5l

s TR ociate of a non-zero
(i) Find an asso )

( Turmn OQver )'




(6)

UNIT—V

9, . .
(@) :;‘ﬁf ){ be a vector space over a field F

of V. thrll’fzm":'»an} be a set of vectors

linearly indls this set of vector said to b€

of a finite ependent? Give an exampl®

set of vectors which is linearly

inde o &
R Pendent'in‘the vector space ]RS an;,.z"‘

(b) Sh
OW that the subset (1, 2, 0), (0, 3 1)

-1, 0,

where R]:)} of the vector space V3( X "

inear} Is the field of real numbers 15
Y Independent,

{d)  Proy,
ime:;li;at each subspace W of a ﬁnite
of d: nal vector Space V(F), Fa’ ﬁel

Imens; .
Space wi ON n is a finite dimensio™
_ With dim ms<n

7 defineq by the linear operator On
xl X

152 Xq) =
2} (3x1+x3"2x1 +x, —x +2X2 *4)‘3)
tis th 2, 7M1
S basi: Matrix of T with respec
how o ;0= {(10,0),(0,1,0), 0.0

t 0

2
1)}3#

€

9

8D
/253 J

1fl
(cont™

A

(7).

() Let T:R®P->R® be a linear

transformation defined by
T(al, as, a3) = (al, —=ay, 2(13).
Find the null space of T and range T.

Let V =R? the real vector space and let

$={2,0,0,1),10,0)}. Find L(S) ie.,
the set of all linear combinations of

finite sets of elements of S.

(c)

* %k
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