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The figures in the margin indicate full marks
for the questions
Answer five questions, choosing one from each Unit

Answer Elementary Number Theory and Advanced
Algebra in two separate books.

UNIT—I
( Elementary Nmbér Theory )

1. (a) State whether the following statements
are True or False with brief justification
(a, b, ¢, n denote integers) (any Jwe) :
2x5=10
() If alc and b|c, then ab|c.

(ii) If Sf(n-1), S/n and Sl(n+1), then
5|n? +1.

e




(b)
()

2 (o
(c)

- (d)

3. (g

(b)

(2)

(fii) (@ bd=1=(g b)=1 angd @ =1
(@) 1t (0, b =1, then (@2 b?)=1.

(vg f(a b=(q o, then la b]=|[q c].
) 4102 _5 g, any integer q.

Prove that if aln, then 22 —1 |2" -1. ’
F .
81:(:! 3? Teémainder, when the sum
b *31+ . 110001 - is divided
s :
P:ate and prove Wilson’s theorem. 145
ove Y '
i '.that n®<nis divisible by 30; for
Ty lnteger n. , 4
Flnd the .
divided py 7", when 337 g
Find ¢, |

e
less thap n‘-(l)lgber of positive integers
to 3600, that are relatively prim®

Soi Unrr—y
Olve
e .
12 = 44(1310 d59) hnear congruence 3
Solye ) :

cOngruence ‘:HOWing Systems of lined’ g
X =3(mogq; 1 '
;c f S (lhod 19)
*10(mqq 2;9) |
o

( Contin¥

(c)

(@)

(b)

(c)

(d)

(e)

5. (@)

D9/111

(3)

For any real number x, prove that

_ |0, if xis an integer
[x]+['-x]T —~1, otherwise 4
If n is an odd integer, prove that
o(2n) = o(r). -3
Define Mébius function p(n). 1
Evaluate : ' 2
yriuh
j=1
Prove that
)
[Id=n 2

Define the arithmetic function t(n) for
positive integers n and show that it is a

multiplicative function. 4
Evaluate 6(4752) and 1(4752). 4
UNIT—III
( Advanced Algebra )

If Gis a group and H 5 subgroup of

index 2 in G, prove that H is a normal
subgroup of G. 5

( Tum Over)




(b)

(cf

6. (a)

(®)

()

IR g th

(4)

Prove that the ne

;o:fugr} for g homomorphism fof a

& ar}: i into o 8Toup G’ with Kernel K to

K e o 2MOrphism of G into ¢ is that
={e}, where ¢ is the identity of G.

Prove that

domain. Svery field is an integral

Show

hltegemtl::;. the set Z[] of Gaussian
a+ib, where a st of complex numbers
& ring ypg, f?are integers) forms
Mmultiplicay; " Ordinary addition and
an inte on of complex numbers. Is it
your answeroifll a;:: Isc ;ts: field? Justify

Mumberg a.r(:d adc:itive group of real

group of . the multiplicative
B °sltIVe T

that ¢, Numbers, prove

© Mapping ¢ .
fY=ex for mgf'R‘)R+ defined by
x
OfR Ontg R+ €

is an isomorphism

Um jdea) of R.

( Contiﬂued)

Cessary and sufficient

4+1+1’.6

4

7. (@)

(b)

()

(d)

(b)

()

(d)
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(5)

UNIT—IV

Prove that a commutative ring with
unity, is.a field if it has no proper ideals.

If fis a homomorphism of a ring Rinto a
ring R’ with Kernel S, then prove that S
is an ideal of R.

Show that every ideal I of an infegral
domain R is of the form I = Rq for some
aeRr.

Show that the polynomial x2-3 is

irreducible over the field of rational |

numbers.

Define units, prime elements of g
Euclidean ring and the unique
factorization domain.

Define the term ‘associates’ in g
Euclidean domain. In Z, are 2 and 3
associates?

Prove that every ptfime element in an
integral domain with unit element is
irreducible. . '

Prove that every field is Euclidean
ring.

2+2+2=6

3
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(6)

UNIT—V

9 (@ Is

. “:={(x,2x,3x):xe]R} a one-
dimensiona] Subspace of R3 , where Ris

the ﬁe‘;d of real n . ur
answey, umbers? Justify yo

(b) IfFiS the

field of real numhb
mbers, show
1(2(1)1at the vectorg (1, 1,0, 0), (0, 1, -1, O),
Nt ) > 3) in F(4) tlinearl
Independept over p are ‘linearly

() Determine wheth

er .
Vectors form 4 b Or not the following
(1) 1, 2), (1, 2

(@
© finite dimensional vector

1sonmrphic ifand UF) over a field F aré

“~ 3 only if gim 7 = dim V.

)
X, ~x; +2x, +4%3

the .
{Q lllatl'lx Of T in the ordered

%3=12,1, 1 ;
il
( Conti’®

. %y =(‘1’2, 1)2';\:11&3}’ Where a, =1 0 ) 4

)

(7)
(b) Let T:R%2 5R3  defined as
Tla b)=(a+b,a-bb) be a linear

transformation. Find the range, rank

and nullity of T. 5
(c) Is the vector (2, -5, 3) in the subspace of
R3 spanned by the vectors (1, -3, 2),
2, 4, -1), (1, -5, 7)? Justify your
answer: 4
*hk
D9—1300 /111

5/H-29 (v) (Syllabus-2015)



